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Abstract
We investigate a weakly nonlinear equation that arises in the modelling of wave dynamics on a liquid ﬁlm ﬂowing down an
inclined plane when a turbulent gas ﬂows above it. The model is the Kuramoto-Sivashinsky equation with an additional non-local
term multiplied by a parameter representing the relative importance of the turbulent gas. The non-local term has a dispersive
effect, destabilising effect on long waves and stabilising or destabilising effect on short waves depending on whether the gas
ﬂows downwards or upwards. We investigate the inﬂuence of this term on the dynamics of the Kuramoto-Sivashinsky equation by
extensive numerical experiments. When the gas parameter is sufﬁciently large, the solution evolves into a row of weakly interacting
pulses.
c© 2013 The Authors. Published by Elsevier B.V.
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1. Introduction
Gas-liquid ﬂows occur both in nature and in numerous technological applications such as chemical reactors, cool-
ing systems and evaporators. Here we consider a liquid ﬁlm that ﬂows down a lower wall of an inclined channel
under the action of gravity and with a counter-current turbulent gas ﬂowing above the liquid ﬁlm. Counter-current
gas-liquid ﬂows have been actively studied both experimentally and theoretically starting from the experiments of
Semyonov [1], who analysed counter-current ﬂows of water liquid ﬁlms and air in glass tubes. He found that such
ﬂows are characterised by various interesting phenomena of which the most interesting one is the so-called ﬂooding
phenomenon: as the gas ﬂow rate is increased, the amplitude of the interfacial waves grows very rapidly before the
complete ﬂow reversal.
Other experimental works on counter-current gas-liquid ﬂows include those in Refs. [2,3,4,5,6,7,8,9,10,11,12,13].
As a result of these studies, there have appeared a number of empirical relations that attempt to express the gas velocity
at which ﬂooding occurs as a function of physical properties of the gas and the liquid and the geometrical properties of
the channel. Theoretical investigations of ﬂooding include works by Shearer and Davidson [14], Guguchkin et al. [15],
Demekhin [16], Jurman and McCready [17], Peng et al. [18]. Trifonov [19,20,21] used an approach in which, under
appropriate conditions, the gas problem can be solved independently of the problem for the liquid ﬁlm following the
studies of Miles [22] and Benjamin [23]. Trifonov then analysed the problem for the liquid ﬁlm using full Navier-
Stokes equations. Recently, Tseluiko and Kalliadasis [24] and Vellingiri et al. [25] adopted an approach similar to
that of Trifonov, but with a more accurate model for the gas phase (which gives signiﬁcantly better agreement with
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experimental studies of e.g. Thorsness et al. [26] and Zilker et al. [27]) and derived a low-dimensional integral-
boundary-layer (IBL) model for the liquid ﬁlm that is more suitable for a systematic investigation of gas-liquid ﬂows
than the full Navier-Stokes equations. The IBL model for a free falling ﬁlm was ﬁrst introduced by Shkadov [28]
and was improved by Ruyer-Quil and Manneville [29,30,31]. Tseluiko and Kalliadasis [24] and Vellingiri et al. [25]
extended the approach of Ruyer-Quil and Manneville to two-phase gas-liquid ﬂows. These models have been further
extended to include additional complexities, e.g. Marangoni effects [32,33,34,35]. The advantage of IBL models
is that they capture accurately the instability onset and they correctly describe nonlinear waves sufﬁciently far away
from the critical Reynolds number.
In the present study, we consider a weakly nonlinear model that is valid in a close neighbourhood of the critical
Reynolds number and is derived under the assumption that the amplitude of the interfacial waves is small. The
model was derived in Ref. [24]. It is the Kuramoto-Sivashinsky (KS) equation with an additional non-local term
that represents the effect of the turbulent gas. This non-local term has a dispersive effect, destabilising effect on
long waves and stabilising or destabilising effect on short waves depending on whether the gas ﬂows downwards or
upwards. It is well known that the dynamics of the KS equation is chaotic in sufﬁciently large domains, see e.g.
Refs. [36,37,38,39]. On the other hand, it has been shown that dispersion in the form of a third-derivative term has a
regularising effect on the chaotic dynamics of the KS equation and the solution evolves into arrays of travelling pulses,
see e.g. Refs. [40,41,42]. In the more recent studies of Refs. [43,44,45,46] the regularising effect of dispersion was
further analysed and a rigorous coherent-structure theory for solitary pulses’ interaction was developed; the theory has
also been extended to the free falling ﬁlm problem. In the present study, we analyse how the regularising dispersive
effect and destabilising effect of the non-local ‘gas term’ affect the dynamics of the KS equation.
The paper is organised as follows. In Sec. 2, we present a summary of the derivation of the weakly nonlinear
model for the liquid ﬁlm in the presence of a turbulent gas. In Sec. 3, we present our numerical results. We conclude
in Sec. 4.
2. Summary of model derivation
We outline brieﬂy the derivation of a weakly nonlinear model describing wave evolution on a liquid ﬁlm sheared
by a turbulent gas. For more details see Refs. [24,25].
The main idea in the derivation is that under appropriate conditions the gas-liquid interface can be considered
as a solid wall for the gas problem. Therefore, for any prescribed interface proﬁle, one can solve the gas problem
independent of the liquid ﬂow. Under such an approach, the shear and normal stresses acting by the turbulent gas on
the interface can be expressed in terms of the interface proﬁle, and these stresses will enter the stress balance conditions
for the liquid problem. Following the well-known long-wave approach, one can derive the evolution equation of the
height of the liquid ﬁlm. A weakly nonlinear expansion of this equation results in a KS equation with additional
non-local terms representing the effect of the turbulent gas.
2.1. Gas problem
The gas ﬂow is modelled by the incompressible Renolds-averaged Navier-Stokes equations. We consider the case
when the gas ﬂows upwards. The equations are non-dimensionalised using Lg = μg/
√
ρgTw as the length scale, where
ρg, μg are the density and viscosity of the gas, respectively, and Tw is the magnitude of the shear stress along the wall
for the case when the lower wall is ﬂat. The velocity scale is chosen as the so-called friction velocity, Ug =
√
Tw/ρg.
Besides, Tw is used as the scale for the pressure and the Reynolds stresses. Introducing the stream function Ψ and
eliminating the pressure from the governing equations, we obtain
∇4Ψ = −∂(Ψ,∇
2Ψ)
∂(x, z)
−R, (1)
where
∇2 = ∂2x + ∂2z , ∇4 = (∇2)2, (2)
and
∂( f , g)
∂(x, z)
= (∂x f ) (∂zg) − (∂z f ) (∂xg), R = ∂xzτ11 + ∂2zτ12 − ∂2xτ12 − ∂xzτ22. (3)
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Here τi j are the components of the Reynolds stress tensor τ due to random turbulent ﬂuctuations in the gas momentum.
The Cartesian coordinate system (x, z) is deﬁned so that the x-axis points downwards along the interface (which is
modelled as a solid wall for the gas problem). The z-axis points into the gas and is perpendicular to the x-axis. The
undisturbed interface is given by z = 0.
In the case when the interface is ﬂat, Eq. (1) reduces to
Ψ′′′′0 = −τ′′0 12, (4)
whereΨ0 and τ0 denote the stream function and the Reynolds stress tensor corresponding to the base ﬂow, respectively.
(It is assumed that Ψ0 and τ0 12 are functions of z only and that τ0 11 = τ0 22 = 0.) Using the mixing length model for
τ0 12,
τ0 12 = l2 |Ψ′′0 |Ψ′′0 , l = κz(1 − e−z/A), (5)
where κ = 0.41 is the von Ka´rma´n constant and A = 25 is the damping friction (See Ref. [47], p. 571), and noting that
Ψ′′ < 0 for the case when the gas ﬂows upwards, we obtain the following equation:
Ψ′′0 = −
⎛⎜⎜⎜⎜⎜⎝ 2(M − z)
M +
√
M2 + 4l2M(M − z)
⎞⎟⎟⎟⎟⎟⎠ , Ψ0|z=0 = Ψ′0|z=0 = 0, (6)
under assumptions that the dimensionless shear stress is −1 at the ﬂat interface, i.e. Ψ′′0 |z=0 = −1 (this is due to
the choice of scaling), and that the ﬂow is symmetric with respect to the midplane of the channel, which implies
Ψ′′0 |z=M = 0. Here, 2M is the dimensionless distance between the undisturbed liquid surface and the upper wall of the
channel.
2.1.1. Flow over a wavy wall of small amplitude
For a wavy interface of small amplitude, i.e. when the interface at a particular time is given by z = s(x) =
eiαx, it has been veriﬁed in Ref. [24] that the use of the orthogonal boundary-layer coordinates ﬁrst introduced by
Benjamin [23] as
ξ = x − ie−αzeiαx, η = z − e−αzeiαx, (7)
is sufﬁcient to obtain good agreement with experiments on turbulent gas ﬂow over wavy wall [27]. With this approach,
there is no need to introduce a model for waviness-induced Reynolds stresses and these stresses can be taken to be
zero. One should note that in these coordinates the lower wall is, to ﬁrst order in , given by η = 0.
We use the asymptotic expansion for Ψ as
Ψα = Ψ0(η) +  Ψα1 (η)e
iαξ + O(2), (8)
and assume that τ¯11 = τ¯22 = 0 and τ¯12(η) = τ012(η), where τ¯i j denote the components of τ in the curvilinear coordinates
(ξ, η). At ﬁrst order we obtain
Ψα1
′′′′ − (2α2 + iαΨ′0)Ψα1 ′′ + (α4 + iα3Ψ′0 + iαΨ′′′0 )Ψα1
= e−αη
(
−4αΨ′′′′0 + 4α2Ψ′′′0 + 2iα2Ψ′0Ψ′′0 − 2α τ′′0 12 − 2α2 τ′0 12 + 4α3 τ0 12
)
, (9)
and the boundary conditions are
Ψα1 |η=0,M = Ψα1 ′|η=0,M = 0. (10)
On the other hand, it can be shown that the shear stress and the normal stress imposed on the interface by the
turbulent gas are
τs(α) = Ψα1
′′(0) − 2α, τn(α) = −i
[
2
M
+ 2α +
1
α
Ψα1
′′′(0)
]
, (11)
respectively. For each α, these stresses can be computed by numerically solving the boundary value problem, Eq. (9),
and computing Ψα1
′′(0) and Ψα1
′′′(0).
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Now, let the interface s(x) be an arbitrary periodic function of period λ given by
y = s(x) =
∞∑
k=−∞
k0
sk eiαk x, (12)
where αk = 2πk/λ. Assuming that the perturbations to the shear stress T˜ and to the normal stress N˜ imposed by the
turbulent gas on the interface depend linearly on the interface proﬁle (which is equivalent to truncating Taylor series
expansions at ﬁrst order, i.e. taking linear approximations), we obtain
T˜ [s(x)] = −1 +
∞∑
k=−∞
k0
sk τs(αk) eiαk x, (13)
and
N˜ [s(x)] = P0(x) +
∞∑
k=−∞
k0
sk τn(αk) eiαk x, (14)
where P0(x) = x/M + const. is the normal stress for the case when the interface is ﬂat. Converting these into
dimensional forms, we obtain that the tangential and normal stresses are given by
T
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
∞∑
k=−∞
k0
s¯keiα¯k x¯
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ = Tw
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝−1 +
∞∑
k=−∞
k0
s¯k
Lg
τs(Lgα¯k) eiα¯k x¯
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (15)
and
N
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
∞∑
k=−∞
k0
s¯keiα¯k x¯
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ = Tw
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝ x¯Lg M +
∞∑
k=−∞
k0
s¯k
Lg
τn(Lgα¯k) eiα¯k x¯
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (16)
respectively, where x¯ is the dimensional x-coordinate and α¯k = 2πk/λ¯with λ¯ = Lgλ denoting the dimensional interface
period.
2.1.2. Analysis of the stresses at the wall: limiting cases
In order to compute the shear and normal stresses imposed by the turbulent gas on the interface, one has to solve
numerically Eq. (9) for each Fourier mode, α. Once the function Ψα1 is obtained, the stresses are then given by
Eq. (11). This procedure might be time-consuming, in particular if one wants to analyse the effect of computational
domain on the solutions, the Fourier modes change with respect to the size of the domain and the stresses need to be
re-evaluated. To overcome such a difﬁculty we try to analyse two limiting cases of Eq. (9), α  1 and α  1, and to
obtain the approximation solution of Ψα1 so that the stresses can be evaluated more easily, at least in the limit where
the approximation is valid.
Assuming that α  1, we can expand Ψα1 as a power series in α and split the real and imaginary parts as
Ψα1 = ψ
0
r + iψ
0
i + α(ψ
1
r + iψ
1
i ) + α
2(ψ2r + iψ
2
i ) + O(α
3). (17)
Collecting the leading-order terms in Eq. (9) we have
ψ0r
′′′′
= 0, ψ0i
′′′′
= 0, (18)
which, together with zero boundary conditions, leads to ψ0r = 0 and ψ
0
i = 0. The problem at ﬁrst order is
ψ1r
′′′′
= −4Ψ0′′′′ − 2τ012′′ = −2Ψ0′′′′, ψ1r (η = 0,M) = ψ1r ′(η = 0,M) = 0, (19)
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which gives us
ψ1r = −2Ψ0 +
[( −4
M3
)
Ψ0(M) +
(
2
M2
)
Ψ0
′(M)
]
η3 +
[(
6
M2
)
Ψ0(M) −
(
2
M
)
Ψ0
′(M)
]
η2. (20)
Besides, we ﬁnd that ψ1i = 0. As a result, we have
Re
(
Ψα1
)
= αψ1r + O(α
2), Im
(
Ψα1
)
= O(α2), (21)
where Re and Im are the real part and imaginary parts of the function, respectively.
To test the validity of the asymptotic result, in Fig. 1 we show the comparison between the function Re
(
Ψα1
)
with its
leading order approximation, αψ1r . The function Ψ
α
1 is obtained by solving numerically Eq. (9) while the function ψ
1
r
is given by Eq. (20). It is found that the range for which the approximation is acceptable is rather small. The relative
error for α = 10−5 is about 2% while for α = 10−4 the relative error already increases to 60%. The discrepancy might
be improved by including higher order terms, a problem which we will look at in the future.
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Fig. 1. (Color online) Comparison between function Re(Ψα1 ) (solid blue curve) and its leading order approximation αψ
1
r (dashed red curve) for (a)
α = 10−5 and (b) α = 10−4.
On the other hand, for α  1, we ﬁrst note that e−αη  1 for η = O(1). Therefore, the right-hand side of
Eq. (9) is zero and we have Ψα1 (η = O(1)) = 0. For η = o(1), we make a rescaling by deﬁning y = αη and assume
Ψα1 (η) = 2αφ(y). Equation (9) can then be written as
φ′′′′ − (2 + iΨ0′) φ′′ + (1 + iΨ0′ + iΨ0′′′) φ = e−y (−Ψ0′′′′ + 3Ψ0′′′ − 2Ψ0′′ − 1 − 2yMα3 − 2α2 + iΨ0′Ψ0′′
)
. (22)
Assume further that φ = hr + ihi, we have,
hr′′′′ − 2hr′′ + hr + 1
α2
f hi′′ −
(
f
α2
+
1
Mα3
)
hi =
2
Mα3
e−y, (23)
hi′′′′ − 2hi′′ + hi − 1
α2
f hr′′ +
(
1
α2
f +
1
Mα3
)
hr =
1
α4
f f ′ e−y, (24)
where we have used the fact
dΨ0
dy
=
1
α2
f (y) + O
(
1
α4
)
, f (y) = −y + y
2
2Mα
. (25)
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By observation, we can see that hr = O(1/α3) and hi = O(1/α4). The equations for the leading order terms are
therefore
hr′′′′ − 2hr′′ + hr = 2Mα3 e
−y, hi′′′′ − 2hi′′ + hi = y
α4
e−y. (26)
It is found that
hr =
1
4Mα3
y2e−y, hi =
1
α4
(
y3
24
+
y2
8
)
e−y, (27)
In sum, for α  1, we have
Ψα1 ≈ e−αη
(
η2
2M
+ i
(
η3
12
+
η2
4α
))
, Ψα1
′′(0) ≈ 1
M
+
i
2α
. (28)
The comparison between the function Ψα1 and its approximation for α = 20 is shown in Fig. 2. The agreement is fairly
well.
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Fig. 2. (Color online) Comparison between the function Ψα1 (solid blue curve) and its leading order approximation (dashed red curve), Eq. (28), for
α = 20.
2.2. Liquid problem
The governing equations for the liquid ﬂow are the incompressible Navier-Stokes equations:
ρl (u¯t¯ + u¯ · ∇u¯) = −∇p¯ + μl ∇2u¯ + ρl g, ∇ · u¯ = 0, (29)
where u¯ = (u¯, w¯) is the liquid velocity, p¯ is the pressure, ρl and μl are the density and the viscosity of the liquid,
respectively, g = (g sin θ,−g cos θ), g is the gravity and θ is the inclination angle of the channel, ∇ = (∂x¯, ∂z¯)T . The
no-slip and no-penetration conditions at the wall require that
u¯ = 0 at z¯ = 0. (30)
Kinematic condition at the ﬁlm surface requires that
w¯ = h¯t¯ + u¯h¯x¯ at z¯ = h¯(x¯, t¯), (31)
where h¯ is the thickness of the liquid ﬁlm. Finally, the normal and tangential stress balance at the ﬁlm surface require
n · σ¯ · n = γκ −N [h¯], t · σ¯ · n = T [h¯] at z¯ = h¯(x¯, t¯), (32)
where σ¯ = −p¯I + μl(∇u¯ + ∇u¯T ) is the stress tensor of the liquid, n and t are the unit normal (pointing into the gas)
and tangent vectors to the interface, respectively, γ is the surface tension coefﬁcient and κ is the curvature of the
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interface taken to be positive when the surface is concave downwards. In addition, N [h¯] and T [h¯] are the normal
and tangential stresses, respectively, exerted onto the ﬁlm surface by the turbulent gas that are found in the previous
section.
Next, assuming long waves and using a systematic gradient expansion of the governing equations (e.g. Ref. [48]),
we can derive the following long-wave evolution equation that is correct up to and including terms of O(), where
  1 is the so-called long-wave or thin-ﬁlm parameter that can be deﬁned as the ratio of the undisturbed ﬁlm
thickness to the longitudinal length scale:
ht + ∂x
[
2
3
h3 − pw
2
h2 + 
([
8Re
15
h6 − 2 cot θ
3
h3
]
hx +
Ca
3
h3hxxx − 4Re pw15 h
5hx +
νpw
2
h2T1[h]
)]
= 0. (33)
Here h(x, t) is the dimensionless ﬁlm thickness scaled by the undisturbed ﬁlm thickness h0, x is the dimensionless
longitudinal coordinate scaled by h0/, t is dimensionless time scaled by h0/(Ul), where Ul = ρlgh20 sin θ/2μl is the
Nusselt surface speed. The dimensionless parameters are the Reynolds number,
Re =
ρlULl
μl
, (34)
the scaled inverse capillary number,
Ca =
2γ
μlU
, (35)
the scaled shear stress imposed by the gas on the undisturbed interface,
pw =
h0Tw
μlUl
, (36)
and the ratio of the length scales used to non-dimensionalise the liquid and gas problems, respectively,
ν =
h0
 Lg
. (37)
In addition, the operator T1 is deﬁned by
T1
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
∞∑
k=−∞
k0
skeiβk x
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
∞∑
k=−∞
k0
sk τs
(
βk
ν
)
eiβk x, (38)
where βk = 2πk/λ¯ with λ¯ denoting the period for the variable x.
2.3. Weakly nonlinear model
The weakly nonlinear model is derived using the following ansatz, with the rescaling of the spatial domain from
[−L, L] to a 2π-periodic one, [−π, π]:
h(x, t) = 1 + 
(L
π
) ⎛⎜⎜⎜⎜⎜⎝ 14 − pw
√
3|D|3
Ca
⎞⎟⎟⎟⎟⎟⎠ H(X, T ), X = (πL
) √3|D|
Ca
(x + (2 − pw)t) , T =
(
π
L
)2 3D2
Ca
t, (39)
where
D =
8Re
15
− 2 cot θ
3
− 4Re pw
15
. (40)
Equation (33) is then reduced, collecting only the leading order terms, to
HT + HHX ± HXX + δ
σ
(T1[H])X + σ
2 HXXXX = 0, (41)
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Fig. 3. (Color online) σ = 0.1, δ = 0. The time evolution of the solution is shown in (a), the evolution of its corresponding energy is shown in (b)
and the solution at t = 5 is shown in (c).
where H is of zero mean,
σ =
π
L
, δ =
νpw
2
√
Ca
3|D|3 , (42)
and the +/− sign corresponds to positive/negative value of D, respectively. Besides, we have
T1
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
∞∑
k=−∞
k0
HkeikX
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
∞∑
k=−∞
k0
Hkτs (σA k) eikX , A =
1
ν
√
3|D|
Ca
. (43)
The ﬁnal equation, Eq. (41), is the KS equation with an additional term contributed from the counter-current gas
ﬂow. There are three free parameters, σ, δ, A and the spatial domain is 2π-periodic.
3. Numerical investigation: Time dependent simulations
In this section we numerically investigate solutions of Eq. (41) using the implicit-explicit two-step backward differ-
entiation formula presented in Ref. [42]. We use 124 Fourier modes in space and the time step is 0.001. The parameter
A is ﬁxed to be 1 so there are two free parameters in the problem. Besides, the initial condition is chosen as
H0(X) =
1
10
10∑
k=1
(α1k cos(kX) + α2k sin(kX)) , (44)
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Fig. 4. (Color online) σ = 0.1, δ = 0.3. The time evolution of the solution is shown in (a), the evolution of its corresponding energy is shown in (b)
and the solution at t = 5 is shown in (c).
where the coefﬁcients, α1k, α2k, k = 1, . . . , 10, are chosen randomly in the interval [0, 1]. We also deﬁne an energy as
the L2-norm of the solution and use it as a veriﬁcation of the attractor:√∫ π
−π
H2(X, T )dX. (45)
As noted earlier the solution of the KS equation (δ = 0) exhibits temporal chaos for small σ. This is illustrated
in Fig. 3 where the time evolution and the energy of the solution for σ = 0.1 are depicted. The solution pattern has
no regular structure and nor does the energy. On the other hand, the counter-current turbulent gas might regularise
the solution. In Fig. 4 we show the solution for σ = 0.1 and δ = 0.3. Although it is still ﬂuctuating, the solution
approaches a localised structure and the deviation of the energy is much smaller. Indeed, if we increase the gas
parameter δ further, as is shown in Fig. 5 for σ = 0.1 and δ = 1, the solution evolves into a train of spatially periodic
cellular structures, each of which approaching a solitary wave solution, as can be seen in Fig. 5(c) for the solution at
t = 5.
An extensive test is performed in Table 1 for different values of the pertinent parameters. It is found that for
δ = 1 the solution always evolves to traveling pulses. Note that similar phenomena were observed previously for the
generalised KS (gKS) equation where an additional dispersion term present in the form of HXXX . The regularising
effect of the dispersion term was studied in Refs. [43,44,45,46] and a rigorous coherent structure theory was developed
to describe the interaction of solitary pulses. We believe that a similar approach can be extended to the present model
and this will be fulﬁlled in the near future.
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Fig. 5. (Color online) σ = 0.1, δ = 1. The time evolution of the solution is shown in (a), the evolution of its corresponding energy is shown in (b)
and the solution at t = 5 is shown in (c).
Table 1. Non-stationary attractors for different parameter values. The abbreviations are deﬁned as following: chaos (CA); periodic pulses (PP);
standing waves (SW); unimodal traveling waves (TW); periodic homoclinic burst (PH); zero state (ZS)
σ = 0.06 σ = 0.1 σ = 0.4 σ = 0.45 σ = 0.52 σ = 0.7 σ = 1
δ = 0 CA CA SW PH TW SW ZS
δ = 1 PP PP PP PP TW TW TW
4. Conclusion
We have studied the dynamics of a thin liquid layer ﬂowing under gravity down a planar inclined substrate in the
presence of a counter-current turbulent gas. The model is the KS equation with an additional non-local term multiplied
by a parameter representing the relative importance of the turbulent gas. The non-local term was derived in terms of
Fourier coefﬁcients and the function corresponding to each Fourier mode is obtained from a fourth-order boundary
value problem.
Time dependent computations of the full non-local model reveal that the counter-current turbulent gas can regu-
larise the dynamics of the usual spatio-temporal chaos of the KS equation in favour of regular trains of traveling pulses
of approximately the same shape. Similar phenomena were observed with a gKS equation where an additional local
dispersion term is present. It is therefore of interest to extend the previously developed coherent-structure theory for
the gKS equation [43,44,45,46] to the non-local model considered here, and this is left as a topic for future research.
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